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Abstract

This paper proposes a design approach to the robust proportional-integral Kalman filter for stochastic linear systems
under convex bounded parametric uncertainty, in which the filter has a proportional loop and an integral loop of the
estimation error, providing a guaranteed minimum bound on the estimation error variance for all admissible uncertain-
ties. The integral action is believed to increase steady-state estimation accuracy, improving robustness against uncer-
tainties such as disturbances and modeling errors. In this study, the minimization problem of the upper bound of esti-
mation error variance is converted into a convex optimization problem subject to linear matrix inequalities, and the
proportional and the integral Kalman gains are optimally chosen by solving the problem. The estimation performance
of the proposed filter is demonstrated through numerical examples and shows robustness against uncertainties, address-
ing the guaranteed performance in the mean square error sense.
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1. Introduction

Unlike proportional observers such as the Luenber-
ger observer [1] and the Kalman filter [2], which have
only a proportional loop of the estimation error, pro-
portional-integral (PI) observers have an additional
integral feedback loop, addressing that it can increase
steady-state estimation accuracy and improve estima-
tion robustness against disturbances, unknown inputs,
or modeling errors in a similar manner to the propor-
tional-integral control scheme. This benefit comes
from the additional degrees of freedom in the ob-
server design. This type of the observer scheme was
first introduced by Wojciechowski [3] for single-input
single-output systems and then extended to multi-
variable systems by Kaczorek [4] and Shafai and
Carroll [5], addressing a more flexible way for per-
forming design objectives. For example, this loop can
“*Corresponding author. Tel.: +82 2 2220 0437, Fax.: +82 2 2295 4584
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be used to identify unknown inputs or nonlinearities
[6], to increase the stability margin in the LTR design
[7, 8], to attenuate or decouple disturbances [9, 10], or
to detect sensor or actuator faults [9, 11].

Several design methods for these PI observers have
been introduced: pole-placement methods [6, 7], ei-
genstructure  assignments [12], H-infinity norm
minimization problems [9, 11], or minimum estima-
tion error variance approaches [13, 14]. For instance,
Duan et al. [12] introduced a parametric eigenstruc-
ture assignment method that provides complete de-
grees of freedom in designing PI observers, which
leads to lower eigenvalue sensitivities. Mark et al.
[11] adopted the minimization problem of the H-
infinity norm of the transfer function from the distur-
bance to the estimation error in order to make distur-
bances insensitive in estimating faults or states.

From the point of view of minimizing the estima-
tion error variance, Bas et al. [14] introduced a PI
Kalman filter where the proportional and integral
Kalman gains were obtained from the Riccati equa-
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tion, leading to minimum error variance. To deal with
transient performance and to improve the stability
margin, a fading coefficient and an integral effect
coefficient were suggested as additional design pa-
rameters. However, since these parameters are highly
dependent on the nature of the system, the nature of
disturbances and system requirements, they have to
be tuned in a trial and error for better performance.
Further, this design approach requires knowledge of
the exact system matrices.

This paper proposes an LMI-based robust propor-
tional-integral Kalman filter for stochastic linear sys-
tems under convex bounded uncertainty. The minimi-
zation problem of the upper bound on the estimation
error variance for all admissible parametric uncertain-
ties is formulated as a convex optimization problem.
The proportional and the integral gains are optimally
chosen by solving the convex optimization problem
subject to linear matrix inequalities, leading to a
minimum bound on the estimation error variance. The
proposed design methodology can easily handle
structured uncertainties in state, input, or output ma-
trices.

The rest of this paper is organized as follows. Sec-
tion 2 introduces the structure of the proportional-
integral Kalman filter. Section 3 proposes a new de-
sign approach for the filter using a convex optimiza-
tion problem. In Section 4, the estimation perform-
ance of the filter is demonstrated through numerical
examples.

2. Problem formulation

Consider the following linear stochastic system
with parametric uncertainties:

x=Ax+ Bw

y=Cx+Dw M
where xe R and ye R denote the state vector and
the output vector, respectively. The noise vector, w,
includes the process noise and the measurement noise
that are assumed to be white noise with the identity
power spectral density. The system matrix defined as

ot

is unknown but belongs to a given convex bounded
polyhedral domain Q described by

Q:z{M:Mzi/LM,.; 4,20, zm:/li 21},
i=1 i=l

which means any admissible system matrix M can be
written as an unknown convex combination of m
given extreme matrices such that

< o)
M =
" |C D,
where 4;, B, C;,and D, i =1, ... , m, are given matri-
ces [15]. In the case of m = 1, the system matrix M is
perfectly known. The mathematical description of the
convex bounded domain is sufficiently general in
practice. For example, when only some elements of
M are unknown, this case can be easily expressed by
a proper choice of the set of extreme matrices [16].
For the system of Eq. (1), a proportional-integral
(PT) observer can be designed as follows:
X=Ax+L(y-Cx)+ Kz )
z=—oz+ H(y-Cx)

where the matrices L and K represent a proportional
gain and an integral gain, respectively. The variable z
is related to the weighted integral of the output esti-
mation error. The constant value ¢ stands for a fading
effect coefficient that regulates the transient response.
The matrix H is an integral effect coefficient that
improves the stability margin [14]. The two design
parameters are assumed to be preselected by design-
ers. The error dynamic equation of the state vector is
obtained by subtracting Eq. (2) from Eq. (1) as de-
scribed by

e=(A-LC)e+(B-LD)yw—-Kz 3)
where €:=x—X denotes the state estimation error.
The state estimation error can be rewritten as an out-

put of the following augmented system by connecting
Eq. (3) to Eq. (2) as follows:

x,=A,x,+Bw

“4)
e=C,x,
where

e A-LC -K
X, = , A, =

z HC —ad

B-LD
B, = , C, = [1 o]

HD
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The state estimation error variance, as time goes to
infinity, is given by

E[e"e] = trE[ee” ]
=t[C,XC!]

©)

where # and E denote trace and expectation, respec-
tively, and the matrix X is defined as the solution of
the following Lyapunov equation:

AX+XA" +B,B =0 (6)

where X is a symmetric non-negative definite matrix.
Analogously, the estimation error variance is rewrit-
ten as

Ele’e] =[B! XB,] (7

where X satisfies the following Lyapunov equation
[15]:

A'X+X4,+CIC,=0. ®)

Note that 4, is stable if X > 0 satisfies Eq. (8) and
the pair (4,, C,) is observable. Since the solution of
the Lyapunov equation has a monotonicity property,
there exists P > X satisfying

Minimize tr[B! PB,]

subject to A'P+PA,+C!C, <0

)

where P is a symmetric positive definite solution,
which leads to the error dynamics in Eq. (4) is asymp-
totically stable. The optimization problem in Eq. (9)
can be reformulated as Eq. (10) by introducing a new
variable matrix N and by using the Schur complement
[17]:

Minimize tr[N]

subject to P=P" >0
T T
AaP+PAa Ca <0 (10)
C, -1
N B'P
>0
PB, P

where N, P, L, and K are design variables. Here the
value of the objective function will be greater than the
estimation error variance defined in Eq. (7). However,
by minimizing the objective function, the optimal
solution in Eq. (10) will be arbitrarily close to the

solution of the Lyapunov equation and the gap be-
tween the minimum value of Eq. (10) and the estima-
tion error variance will be arbitrarily small.

The PI Kalman filter can be designed by solving Eq.
(10), which offers the proportional and the integral
Kalman gains defined in Eq. (2). The problem is that
the constraints in Eq. (10) are nonlinear matrix ine-
qualities. This makes the observer design difficult in
obtaining the optimal solution. Our purpose is to con-
vert the two inequalities into corresponding linear
matrix inequalities.

3. New formulation for a proportional-integral
Kalman filter design

This section deals with a PI Kalman filter design
for convex bounded parametric uncertain systems. A
convex optimization problem subject to linear matrix
inequalities is introduced in order to design the PI
Kalman filter.

Theorem 1: Assume the system matrices, 4, B, C,
and D, are known. For given design parameters, H, o
and p, the proportional-integral Kalman filter of the
form of Eq. (2) can be designed if the following con-
vex optimization problem is feasible:

Mintmize [ N]

suhject to

N {B'R,-D'S] +D'H'P] |
RB-SD+PHD! A |
BB-8D+5,HD | b :

BB -D'S] +DTHTSI
""""" FTTT 50
_________ g
AP, + PA-C"S] -8 C+CTHTPF] + B,HC
""" -8 +RA-SC+SHC-aP, |
1 i
AP -CTS! +CTHTS] -8, -aP,
"""" _8To8 C2as, <0
______________ Bt
[:} ‘;‘;}0‘ P=P'>0,8 =85T>0
= (1

where N, P,, P,, S}, S>, 3, and S, are variables. With
the optimal solutions that minimize the state estima-
tion error variance, the resulting proportional and
integral Kalman gains are calculated as follows:

L=P"'S,, K=F"S,P P, (12)

where P; is a symmetric positive definite matrix and
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P, is a nonsingular matrix.

Proof: Partition P with suitable dimension accord-
ing to 4,, as described by

P P
pe {P; PZ} (13)
2 3

where P; and P; are nxn symmetric positive definite
matrices [15]. It is assumed that the matrix P, is non-
singular. By substituting the definition for the matri-
ces in Egs. (4) and (13) into them, the two inequalities
in Eq. (10) are rewritten as Eqgs. (14) and (15), respec-
tively:

A'P+P4, CT
€, -1

B'P-D'I'P,+D"HTP] | B'P,-D'I'P,+ D'H'P,

______________________ e S L L L e

__________ ‘3___________1_________f:__________} %0
P | P (15)

where Py, P,, Ps, L, K, and N are design variables.

These nonlinear matrix inequalities can be con-
verted into linear matrix inequalities through the
change of coordinate transformation [15]. Premulti-
plying and postmultiplying Eq. (14) by 73" and T,
respectively, where

0 0
P'P 0 (16)
1

N

1

1
L=0
0 0
and introducing the new variables such as
S, =PL, S,=PP, P, (17)
S,=PRKP,'R, S, =RP,'P.P,'P,,
Eq. (14) can be rewritten as follows:

ATR +PA-C"S] -8,C +CTH" P! + P,HC

-ST +BA-8,C+8,HC —af,

1 i
AP -CTST +CTHTS] -8, —ab} i |
-8T -5, -2a5, 10 |<0

L T (18)

where P77 :=(P™")". Here, the variables S, and S,
are dependent with the relation of

S, =S,pPs]. (19)

However, since P; is a positive definite matrix,
there exists an arbitrary scalar & such that

S, >&S,87 . (20)

Using the Schur complement [17], Eq. (20) can be
converted into a linear matrix inequality as follows:

S, S
‘; 2 >0 (21)
S, pol

where p = 1/& Now, the two matrix inequalities of
Eqgs. (18) and (21) are linear with respect to the inde-
pendent variables P;, P,, Si, S, S;, and S;. The
nonlinear matrix inequality of Eq. (14) is then con-
verted into the two linear matrix inequalities of Eqs.
(18) and (21).

In a similar manner, Eq. (15) can be reformulated
to an LMI. Premultiplying and postmultiplying Eq.
(15) by T- LT and T, respectively, where

10
=lo 7 o | (22)
00

B B
RE'EE T 23)

and furthermore, by introducing Eq. (17), Eq. (23) is
given by

N J: )9'!"'1-)l = DTS,T 4 DTHTP:T i
PB-SD+PHD | n :
PB—SD~S,HD | P !

B'P,-D'ST +D"HTST

24

Eq. (24) is an LMI with the variables, N, Py, P,, Sy,
S,, and S;. Thus, the nonlinear matrix inequality of Eq.
(15) is converted into the linear matrix inequality of
Eq. (24). Replacing the two matrix inequalities in Eq.
(10) with the three LMIs of Egs. (18), (21), and (24),
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the nonconvex optimization problem in Eq. (10) is

converted into the convex optimization problem of Eq.

(11). With the optimal values of the variables S; and
S; and the relation of Eq. (17), the proportional and
the integral Kalman gains are calculated as Eq. (12).
Now, consider a robust PI Kalman filter for the un-
certain system Eq. (1). For all the admissible parame-
ter uncertainties, a robust filter with a guaranteed
performance in the mean square error sense has an
upper bound of the estimation error variance. That is,
the optimal value of the objective function of Eq. (10)
provides a minimum upper bound for the estimation
error variance. In the case of m = 1, i.e., for the ex-
actly known system matrix, the bound coincides with
the estimation error variance. Corollary 1 offers a
robust PI Kalman filter that minimizes the upper
bound on the estimation error variance for all the
admissible convex bounded parametric uncertainties.

Corollary 1: For the convex bounded uncertain
system defined in Eq. (1) and for given design pa-
rameters, H, ¢, and p, a robust proportional-integral
Kalman filter can be designed if the following convex
optimization problem is solvable:

Minimize r[N]
subject to

N | BTR -DITST + DTHTPT |

________ S e oy N e s P o &y P UL )

=0
|
p
|
I
-
]
I
o
| B
L0 |<0
b=
=1
S, S
[‘; ’}:»0. P=P'>0, §=581>0, i=l-,m
% A (25)

where {AI Br} is the m vertices of the polytope €.
Ci Di

The design variables in the optimization problem are

N, Py, Py, Sy, S5, and Sy. From the optimal solutions of

Eq. (25), the resulting proportional and integral Kal-

man gains are calculated as the same as Eq. (12).

Remark: The optimization problem in Corollary 1
belongs to a convex optimization problem, which
means the objective and the constraints are both con-
vex. Thus, the final solution is uniquely determined as
a global one.

For unknown systems with parametric uncertainties,
the structure of the PI observer defined in Eq. (2) can
be replaced with Eq. (26), in which the nominal sys-
tem matrices are used as follows:

X=A%+L(y-CR)+Kz 26)
t=—z+H(y-C,3%)

where the matrices 4, and C, are the nominal matri-
ces of 4 and C, respectively. Since the nominal sys-
tem lies within the polyhedral domain Q, the effect on
the estimation performance due to the gap between
the pair (4, C) and the pair (4,, C,) can be minimized
by the proposed minimization problem, addressing a
guaranteed bound in the mean square error sense.

4. Examples

In this section, numerical examples are given in or-
der to demonstrate the performance of the robust pro-
portional-integral Kalman filter proposed in this study.
Optimization problems involving LMI formulations
can be solved numerically and effectively with inte-
rior-point methods. Some advantages and some
commercial software in regard with the problem are
found in a reference book [17]. In this paper, the con-
vex optimization problem in Corollary 1 is imple-
mented in MATLAB by using the LMI Lab package
[18].

Example 1:
Consider a second-order time-varying uncertain
stochastic system:

_ 0 1 10
X = X+ w

{—2+0.3A —J L o}
y=[1 ox+[0 0.1]w

where A is an unknown parameter satisfying |A (7)| <
1, and A = 0 corresponds to the nominal system. In
this example, the uncertainty is assumed to be A () =
sin (t). This norm-bounded set falls to the polyhedral
convex set with the two extreme matrices M, and M.
The noise vector, w, includes both the process noise
and the measurement noise; ie., w = [w1T sz]T,
where w; and w, denote the process noise and the
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measurement noise, respectively. It is assumed that w,
and w, are white noise with the identity power spec-
tral density, respectively.

The performance of the proposed PI Kalman filter
is demonstrated by comparing it with that of a robust

Kalman filter suggested by de Souza and Trofino [15].

The robust Kalman filter with only a proportional
Kalman gain provides a guaranteed estimation error
variance under polytope uncertainties and is designed
from an optimization problem subject to linear matrix
inequalities. By solving the optimization problem
proposed by de Souza and Trofino [15], the robust
Kalman filter is designed as follows:

: {—1.16 0.73 } {—1.34}
X= X+ v
-8.39 -898 0.50
where the eigenvalues of the observer matrix are
{-2.04,-8.10}.

In designing the proposed PI Kalman filter, the de-
sign parameters shown in Corollary 1 are chosen as
follows: 7 =[0.1 0.1], @= 0.1, and p = 10. The
resulting optimal gains are calculated as

{10.76} {689.69
L= , K=
7.48 611.64
Each optimal objective value in the two filters,
which means the minimum upper bound of the esti-
mation error variance for all the admissible uncertain-
ties, is 0.198 for the proposed PI Kalman filter and
0.239 for the robust Kalman filter [15], respectively.
This shows that under the parametric uncertainties,

the proposed PI Kalman filter offers a lower bound on
the estimation error variance than the robust Kalman

- 693.94]
~614.83

------- true value
propos ed obs e
robusl Kalmean hiler

slats vanable, x,
=
wn

=
o
=
@a

nable, %

state v

tirme {520 )

Fig. 1. Comparison of the estimation performance in Exam-
ple L.

filter [15] in the given problem.

The estimated states are illustrated and compared in
Fig. 1. The proposed observer quickly converges to
the true values in spite of parametric uncertainties,
while the robust Kalman filter is slow and provides
large estimation errors as shown in Fig. 1.

Example 2:
A laser bonder is a soldering machine that connects

the leads to an integrated circuit chip with pads on the
IC board. The bonder head moves up and down by a
linear voice coil motor, melting the solder and com-
pleting the connection. The position sensor measures
the vertical position of the head. The information on
the head velocity is useful to control the soldering
machine accurately [19].

A third-order plant model for a laser bonder is ex-
pressed as follows [19]:

) 1 0 0
x=[-221+A 0 6.70 |x+| 0 |V,
0 -5.69 -2.65 0.44
[0 0
+[10 0w
|10

y=[1 0 0]x+[0 O.I]W

where the state vector, x, includes the vertical position
of the head, the head velocity, and the driving current,
in order. The input variable, V, is the applied voltage
and the output variable, y, is the head position. In this
paper, the applied voltage is assumed to be zero in
order to design the robust Kalman filter formulated

robust Kalman filter

------- true walue
10F __-",' x — proposed obsernver

the head velocily (mis)

1 L
0.5 1 1.5 2 25 3
time (sec)

Fig. 2. Comparison of the estimated head velocity in Example
2.



J. Jung et al. / Journal of Mechanical Science and Technology 22 (2008) 879~886 885

based on no input signal [15]. The noise vector, w,
includes the process noise and the measurement noise
of zero mean Gaussian with the identity power spec-
tral density. The parametric uncertainty, A, which
comes from the change of the spring coefficient, var-
ies within 10 % of its nominal value, i.e., |A (¢)| < 22.
In this study, it is assumed to be A (7) = 22sin (7).

In designing the proposed filter, the design parame-
ters shown in Corollary 1 are chosen as follows:
H=[0.1 0.1 0.1],@=0.1,and p=10. The result-
ing optimal gains are calculated as

7.28 564 282 -282
L=| 2649 || K=| 1804 -788 -7.88
—35.37 -34.54 -17.50 17.50

The robust Kalman filter [15] is designed as given
by

4.88 241.69 -45.19 —-150.74
x=|-134 -1519 373 |x+| 181 |y
-0.15 -885 ~—11.17 4.64

where the eigenvalues of the observer matrix are
{~11.56,-4.961/15.83}.

The estimated velocity of the head is illustrated and
compared in Fig. 2. The robust PI Kalman filter pro-
posed in this paper offers little steady-state estimation
error, while the robust Kalman filter [15] shows a
large estimation error. This indicates that the integral
action is effective in improving the steady-state accu-
racy in designing a robust and minimum estimation
error variance filter.

5. Conclusions

This paper provides a design approach of a robust
proportional-integral Kalman filter for convex
bounded parametric uncertain stochastic systems. The
proportional and the integral Kalman gains are opti-
mally chosen by solving a convex optimization prob-
lem subject to linear matrix inequalities, which offers
a minimum guaranteed bound on the estimation error
variance for all the admissible convex bounded uncer-
tainties. Simulation results demonstrate that the robust
PI Kalman filter offers the minimum upper bound of
the estimation error variance and warrants robustness

against both stochastic and deterministic uncertainties.

In particular, the robustness of the proposed PI Kal-

man filter is guaranteed against structured uncertainty.
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